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A CONCORDANCE EXTENSION THEOREM

JOEL L. JONES

Abstract. Let p : E → B be a manifold approximate fibration between closed
manifolds, where dim(E) ≥ 4, and let M(p) be the mapping cylinder of p. In
this paper it is shown that if g : B× I → B× I is any concordance on B, then
there exists a concordance G : M(p) × I → M(p) × I such that G|B × I = g
and G|E × {0} × I = idE×I . As an application, if Nn and Mn+j are closed
manifolds where N is a locally flat submanifold of M and n ≥ 5 and j ≥ 1, then
a concordance g : N × I → N × I extends to a concordance G : M × I →M× I
on M such that G|N × I = g. This uses the fact that under these hypotheses
there exists a manifold approximate fibration p : E → N , where E is a closed
(n+ j−1)-manifold, such that the mapping cylinder M(p) is homeomorphic to
a closed neighborhood of N in M by a homeomorphism which is the identity
on N .

1. Introduction

In this paper we extend concordances on the base on the mapping cylinder of an
approximate fibration to the entire mapping cylinder. First we recall the relevant
definitions.

If X is a topological space, then a concordance on X is a homeomorphism g : X×
I → X× I such that g0 = idX . If f : X → Y is a continuous function of topological
spaces, the mapping cylinder of f is the topological space

M(f) =
(X × [0, 1])q Y

(x, 1) ∼ f(x)

with the quotient topology (where q stands for the disjoint union).
All of our results depend on the notion of an approximate fibration, which was

originally defined by Coram and Duvall [2] in terms of lifting properties. A map
p : E → B has the approximate homotopy lifting property for a space X if given an
open cover ε of B and maps g : X → E and H : X × I → B such that pg = H0,
then there exists a map G : X × I → E such that G0 = g and pG and H are
ε-close. If the map G can always be chosen to be stationary with H, that is, for
each x0 ∈ X so that H(x0, t) is a constant function of t, the function G(x0, t)
is a constant function of t, then this is called the regular approximate homotopy
lifting property. A proper map p : E → B of locally compact ANR’s (i.e. absolute
neighborhood retracts for the class of metric spaces) is an approximate fibration if
it has the regular approximate homotopy lifting property for all spaces.
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At times this definition will be the most convenient one to use; however in most
of our work we use a more recent definition of approximate fibration due to Hughes,
Taylor, and Williams [8].

Let pi : Ei → B, i = 0, 1, be two spaces over B. A controlled map from p0 to
p1 is a map g : E0 × [0, 1) → E1 × [0, 1) which is fibre preserving over [0, 1) and
such that the map g : E0 × [0, 1]→ B, defined by g|E0 × [0, 1) = p1 ◦ prE1 ◦ g and
g|E0 × {1} = p0, is continuous. If this map g is a homeomorphism, then g is called
a controlled homeomorphism. A map p : E → B is an approximate fibration if for
every commutative diagram

X × {0} f−−−−→ E

∩
yp

X × I −−−−→
F

B

there is a controlled map F̃ : X × I × [0, 1) → E × [0, 1) from F to p such that

F̃ |X × {0} × [0, 1) = f × id[0,1).
That the two definitions for approximate fibrations differ will not present us

with any problems. We will be able to move freely from one definition to the other
because we will always have both E and B manifolds, and by Lemmas 12.10 and
12.11 of [8], the definitions are equivalent in this case. We will usually have the
following situation.

A map p : E → B is a manifold approximate fibration if E and B are manifolds
and p is a proper map which is an approximate fibration (in the sense of [8]). If E
is a manifold with boundary, we also require that ∂E = p−1(∂B).

Our main result is the following theorem. A proof is given in section 2

Concordance Extension Theorem. Let p : E → B be a manifold approximate
fibration between closed manifolds where dim(E) ≥ 5, and let M(p) be the mapping
cylinder of p. If g : B × I → B × I is any concordance on B, then there is a
concordance g̃ : M(p)× I →M(p)× I such that g̃|B × I = g and g̃|E × {0} × I =
idE×I.

From the work of Edwards [3], Pedersen [12], Quinn [13], and Hughes, Taylor, and
Williams [9], we know that if Nn and Mn+j are closed manifolds, where n ≥ 5 and
j ≥ 1, such that N is a locally flat submanifold of M , then there exists a manifold
approximate fibration p : E → N , where E is a closed (n+ j − 1)-manifold, so that
the mapping cylinder M(p) is homeomorphic to a closed neighborhood of N in M
by a homeomorphism which is the identity on N . This gives the following corollary
as an application of the extension theorem.

Corollary (Concordance Extension Theorem for Topological Manifolds). Let Nn

be a locally flat submanifold of Mn+j where N and M are closed manifolds with
n ≥ 5 and j ≥ 1. Suppose that g : N × I → N × I is a concordance on N . Then
there is a concordance g̃ : M × I →M × I on M such that g̃|N × I = g.

The proof of the main extension theorem will be given in more generality than is
necessary. There is the notion of spaces of concordances given in terms of simplicial
sets (refer to May [11] for a detailed description of this type of object). For a
manifold B, the space of concordances on B is defined to be the simplicial set
C(B) where a k-simplex of C(B) is a homeomorphism f : B×I×∆k → B×I×∆k
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such that f |B×{0}×∆k = id and f commutes with projection on ∆k, the standard
k-simplex, and the boundary and degeneracy maps on C(B) are induced by those
on ∆k.

With this in mind we say that given a continuous function of manifolds p : E →
B, the space of concordances on M(p) is defined to be the simplicial set C(M(p)),
where a k-simplex of C(M(p)) is a homeomorphism g : M(p)× I ×∆k → M(p)×
I ×∆k such that

(1) g commutes with projection on ∆k,
(2) g|M(p)× {0} ×∆k = id,
(3) g(E × [0, 1)× I ×∆k) = E × [0, 1)× I ×∆k,
(4) g|E × {0} × I ×∆k is a k-simplex of C(E), and
(5) g|B × I ×∆k is a k-simplex of C(B).
Here the boundary and degeneracy maps are also induced by those on ∆k.
Perhaps we should use different notation in this definition, since here we keep

track of much more relative information than we do for a concordance on just a
manifold. It seems natural to want the restrictions to also be concordances, and so
we will keep C(M(p)) for the notation. It should not generate any confusion.

It is easy to show that both of these simplicial sets satisfy the Kan condition
since the simplicial structure is inherited from the ∆k factor, and the standard
simplicial complex is a Kan complex. We should also note that from characteristic
(5) of C(M(p)) there is a function ρ : C(M(p))→ C(B) which is the restriction to
the base of the mapping cylinder (this map is a simplicial map).

Using this terminology, the extension theorem states that if g is a k-simplex of
C(B), then there exists g̃, a k-simplex of C(M(p)), so that ρ(g̃) = g and g̃|E ×
{0} × I ×∆k = id.

The proof requires the following theorem about a parametrized family of manifold
approximate fibrations, i.e. a manifold approximate fibration p : M × ∆k → B ×
∆k which is fibre preserving over ∆k, and such that pt : M → B is a manifold
approximate fibration for each t in ∆k. It is a manifold with boundary version of
Theorem 6.1 of [10]. The proof is given in section 3.

Controlled Isotopy Covering Theorem. Let p : M × ∆k → B × ∆k be a k-
parameter family of manifold approximate fibrations M → B, dim(M) ≥ 5, with
p|∂M ×∆k → ∂B ×∆k being a k-parameter family of manifold approximate fibra-
tions ∂M → ∂B. Suppose that there is an isotopy h : B×∆k×I → B×∆k×I which
is fibre preserving over ∆k, and a continuous family of isotopies gs : ∂M×∆k×I →
∂M ×∆k × I, 0 ≤ s < 1, such that

(1) g0 = id,
(2) gs is fibre preserving over ∆k for each s, and
(3) (p× idI)gs converges uniformly to h(p× idI)|∂M ×∆k × I as s→ 1−.
Then there is a continuous family of isotopies Hs : M ×∆k × I →M ×∆k × I,

0 ≤ s < 1, such that
(1) H0 = id,
(2) Hs is fibre preserving over ∆k for each s,
(3) Hs|∂M ×∆k × I = gs for each s, and
(4) (p× idI)Hs converges uniformly to h(p× idI) as s→ 1−.

The work presented in this paper is a revision of the author’s doctoral dissertation
written at Vanderbilt University.
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2. Concordances on mapping cylinders

We begin this section with a lemma about mapping cylinders.

Lemma 2.1. Suppose that for i = 1, 2, fi : PXi → Yi is a continuous function
and h : Y1 → Y2 and h : X1 → X2 are continuous functions such that f2h̃ = hf1.
Then the function H : M(f1) → M(f2) defined by H|X1 × [0, 1) = h̃× id([0,1) and
H|Y1 = h is a continuous function.

Proof. For i = 1, 2 let qi : (Xi× [01, ])qYi →M(fi) be the quotient map. Suppose
that U ⊂M(f2) is an open set. Then

q−1
1 (H−1(U)) = h̃−1(q−1

2 (U) ∩ (X2 × [0, 1]))q h−1(q−1
2 (U) ∩H2)

is an open set. Hence H−1(U) is open and so H is a continuous function.

In this section we will show that given a k-simplex g of C(B) there is a k-simplex
g̃ of C(M(p)) so that g̃|B×I×∆k = g and g̃|E×{0}×I×∆k = id. We accomplish
this in two steps.

First note that if p : E → B is a manifold approximate fibration, then
(p × idI×∆k) : E × I × ∆k → B × I × ∆k is, too. If g is a k-simplex of C(B),
then g(p × idI×∆k) : E × I × ∆k → B × I × ∆k is a manifold approximate fibra-
tion. We wish to obtain homeomorphisms f : M(p× idI×∆k)→M(g(p× idI×∆k))
and h : M(g(p × idI×∆k)) → M(p × idI×∆k) such that, using the identification
M(p× idI×∆k) ≡M(p)× I ×∆k, hf is a k-simplex of C(M(p)).

The homeomorphism f is easy to obtain. Just define it as f = id on E×I×∆k×
[0, 1) and f = g on B × I ×∆k. It will be continuous by 2.1. The homeomorphism
h will be constructed in several steps, finishing at Theorem 2.5. Our approach is
suggested by the work of Hughes [6].

The first step is another lemma about mapping cylinders. It is only a restatement
of Lemma 12.2 of [8] where the level preserving properties are disregarded. Let
p, q : X → Y be maps between topological spaces. Let v : X× [0, 1)→ X× [0, 1) be
a map. Let M(p) and M(q) denote the mapping cylinders of p and q respectively.
Define the function P : X×[0, 1]→ Y ×[0, 1] by extending (p×id[0,1))v : X×[0, 1)→
Y × [0, 1) via q : X × {1} → Y × {1}. Define the function V : M(q) → M(p) by
extending v : X × [0, 1) → X × [0, 1) via the identity on Y . Assume that Y is a
regular space and that p× id[0,1] is a closed map.

Lemma 2.2. P is continuous if and only if V is continuous.

We should note that relative and k-parameter versions of this are trivially true.
For i = 0, 1, let pi : M → B be approximate fibrations, L ⊂M , and p0|L = p1|L.

We say that p0 and p1 are concordant rel L if there is an approximate fibration
q : M×[0, 1]→ B×[0, 1] which restricts to pi overB×{i} and such that q|L×[0, 1] =
(p0|L)× id[0,1].

A k-parameter version of this would of course have an extra ∆k factor in every
set and require that p0, p1, and q be fibre preserving over ∆k.

Before we present an important “straightening” theorem, we need a lemma about
approximate fibrations.

Lemma 2.3. Suppose that p : E × [0, 1] → B × [0, 1] is an approximate fibration
with p1 = p|E×{1} : E → B an approximate fibration. If p : E×[0,∞)→ B×[0,∞)
is the map defined by p|E × [0, 1] = p and p|E × [1,∞) = p1 × id[1,∞), then p is an
approximate fibration.
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Proof. Suppose we have a topological space X and maps f and F such that the
following diagram commutes.

X × {0} f−−−−→ E × [0,∞)

∩
yp

X × I −−−−→
F

B × [0,∞)

Let r : [0,∞)→ [0, 1] be a retraction. Then we get another commutative diagram,

X × {0} (id×r)f−−−−−→ E × [0, 1]

∩
yp

X × I −−−−−→
(id×r)F

B × [0, 1]

and so we get a controlled map F̂ : X× I× [0, 1)→ E× [0, 1]× [0, 1) from (id×r)F
to p so that F̂ |X × {0} × [0, 1) = (id× r)f × id[0,1). Consider f, F and F̂ in terms

of component functions and define F̃ : X × I × [0, 1)→ E × [0,∞)× [0, 1) by

F̃ (x, t, s) =

{
F̂ (x, t, s) if (x, t) ∈ F−1(B × [0, 1)),

(F̂1(x, t, s), F2(x, t), s) if (x, t) ∈ F−1(B × [1,∞)).

If (x, 0) ∈ F−1(B × [0, 1)), then F̃ (x, 0, s) = F̂ (x, 0, s) = (f(x), s) (since r is the
identity on [0, 1]). If (x, 0) ∈ F−1(B × [1,∞)), then

F̃ (x, 0, s) = (F̂1(x, 0, s), F2(x, 0), s) = (f1(x), f2(x), s),

hence F̃ |X × {0} × [0, 1) = f × id[0,1).

To see that F̃ is a controlled map from F to p, we only need to worry about

(x, t) ∈ F−1(B × [1,∞)), because the F̂ portion is already a controlled map. For

such an (x, t), we have that F2(x, t) ∈ [1,∞), so (p ◦ prE×[0,∞) ◦ F̃ )(x, t, s) =

p(F̂ (x, t, s), F2(x, t)) = (p1F̂1(x, t, s), F2(x, t)) which approaches (F1(x, t, s), F2(x, t))
= F (x, t) as s→ 1−.

Theorem 2.4. Suppose that M and B are compact manifolds with boundary,
dim(M) ≥ 5, k > 0, and for i = 0, 1, pi : M×∆k → B×∆k is an approximate fibra-
tion which is fibre preserving over ∆k; then p0 and p1 are concordant rel ∂M ×∆k

if and only if there is a homeomorphism of mapping cylinders h : M(p1)→ M(p0)
which is fibre preserving over ∆k and which is the identity when restricted to B×∆k,
M ×∆k × {0}, and M(p1|∂M ×∆k).

Proof. If such a homeomorphism h exists, then we also get a homeomorphism by
restricting; i.e. h| : M ×∆k × [0, 1) ∼= M ×∆k × [0, 1). By 2.2, (p0 × id[0,1))h : M ×
∆k × [0, 1)→ B ×∆k × [0, 1) extends continuously to a map q : M ×∆k × [0, 1]→
B ×∆k × [0, 1] which restricts to pi over B ×∆k × {i}, for i = 0, 1. This map is
clearly fibre preserving over ∆k and q|∂M × ∆k × [0, 1] = p0|∂M ×∆k × [0, 1] =
p1|∂M × ∆k × [0, 1]. To see that q is an approximate fibration, first note that
q|M × ∆k × [0, 1) is an approximate fibration. Any homotopy which lands in
B ×∆k × {1} can be moved into B ×∆k × [0, 1) by a suitably small motion, and
hence we can use the approximate homotopy lifting property on B ×∆k × [0, 1) to
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Figure 1

define an approximate homotopy lifting property on all of B ×∆k × [0, 1]. Hence
p0 and p1 are concordant rel ∂M ×∆k.

For the converse, let q : M ×∆k × [0, 1] → B ×∆k × [0, 1] be the concordance
rel ∂M ×∆k. Extend this to a map Q : M ×∆k ×R → B ×∆k ×R by defining
Q|M ×∆k× (−∞, 0) = p0× id(−∞,0) : M ×∆k× (−∞, 0)→ B×∆k× (−∞, 0) and

Q|M×∆k×(1,∞) = p1×id(1,∞) : M×∆k×(1,∞)→ B×∆k×(1,∞). By 2.3, Q is

an approximate fibration. Note that for each t in ∆k, Qt is an approximate fibration
M ×R→ B×R. We should also note that Q is level preserving in the R factor on
M×∆k×R because Q|∂M×∆k×R = (p0|∂M×∆k)×idR = (p1|∂M×∆k)×idR.

For each i = 1, 2, . . . , choose numbers ai and bi such that −1
i < ai < bi <

−1
i+1 .

Let θi : R→ R be a homeomorphism satisfying
(1) θi is supported on [ai, i+ 1

2 ],
(2) θi maps [ai, i] linearly onto [ai, bi], and
(3) θi maps [i, i+ 1

2 ] linearly onto [bi, i+ 1
2 ].

Figure 1 will help to explain the composition.
Let θ = limi→∞ θi ◦ · · · ◦ θ1. We note that θ exists and that θ : R → (−∞, 0) is a
homeomorphism which is supported on [a1,∞).

The main effort in this proof will be spent in constructing a homeomorphism
H : M ×∆k ×R→M ×∆k × (−∞, 0) such that

(1) H|M ×∆k × (−∞,−1] = id,
(2) H is fibre preserving over ∆k,
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(3) H|∂M ×∆k ×R = id× θ, and
(4) (p0× id(−∞,0))H : M ×∆k×R→ B×∆k× (−∞, 0) extends continuously to

a map r : M ×∆k × (−∞,∞]→ B ×∆k × (−∞, 0] by setting r|M ×∆k × {∞} =
p1 : M ×∆k → B ×∆k.

Once we have this map H, we take a homeomorphism β : [−1, 0) → [0, 1), let
α : [0, 1) → [−1,∞) be the homeomorphism α = (θ−1|[−1, 0))β−1, and combine

them with H in the following manner: M ×∆k × [0, 1)
id×α−→ M ×∆k × [−1,∞)

H|→
M×∆k× [−1, 0)

id×β−→ M×∆k× [0, 1)
p0×id−→ B×∆k× [[0, 1). Then this composition

extends via p1 and is fibre preserving over ∆k. Now apply 2.2, and we obtain the
desired mapping cylinder homeomorphism h : M(p1) → M(p0). Note that by (3)
and the definition of α, h|M(p1|∂M ×∆k) = id.

Now to construct H. There is a simple isotopy θ̃i from idR to θi which is sup-
ported on [ai, i + 1

2 ]. Let Ti = (idB×∆k) × θi : B × ∆k ×R → B × ∆k ×R and

T = limi→∞ Ti ◦ · · · ◦T1 : B ×∆k ×R→ B ×∆k × (−∞, 0) be the obvious homeo-

morphisms. For each i, there is the isotopy T̃i = (idB×∆k)× θ̃i from idB×∆k×R to
Ti which is supported on [ai, i+ 1

2 ].
Let {εi}∞i=1 be a sequence of positive numbers converging to zero fast enough so

that εi <
−1
i+1 − bi. For each i, let Θi be a one-parameter family of isotopies from

idR×I to θ̃i (e.g. for 0 ≤ s ≤ 1,Θi
s = θ̃i|[0, s]). Then f = (id∂M×∆k) × Θi : ∂M ×

∆k×R×I× [0, 1]→ ∂M×∆k×R×I× [0, 1] is a one-parameter family of isotopies
on ∂M ×∆k ×R such that for 0 ≤ s ≤ 1,

(1) f i0 = id,
(2) f is is fibre preserving over ∆k,
(3) f is is supported on [−1

i , i+ 1] ⊂ R (actually on [ai, i+ 1
2 ]),and

(4) (Q× idI)f is converges uniformly to T̃i((Q|∂M ×∆k ×R)× idI).
By 3.8. (a supported version of the controlled isotopy covering theorem) we get a

one-parameter family of isotopiesHi : M×∆k×R×I×[0, 1)→M×∆k×R×I×[0, 1)

satisfyint similar properties, and for large enough s in [0, 1), there is an isotopy H̃i

approximately covering the isotopy T̃i so that the 1-level of H̃i is a homeomorphism
Hi : M ×∆k ×R→M ×∆k ×R such that

(1) Hi is fibre preserving over ∆k,
(2) Hi is supported on [−1

i , i+ 1] ⊂ R,

(3) Hi|∂M ×∆k ×R = (id∂M×∆k)× θi, and
(4) QHi is εi-close to TiQ.
Property (3) is true because His will agree with f is on ∂M ×∆k ×R× I.
There are several important remarks that need to be made here. Because of the

sets on which theseHi’s are supported, Hi+1Hi|M×∆k×[i+1,∞) = Hi+1|M×∆k×
[i+ 1,∞). Since we also chose the εi’s sufficiently small, Hi(M ×∆k × (−∞, i]) ⊂
M×∆k× (−∞, −1

i+1 ], and hence Hi+1Hi|M×∆k× (−∞, i] = Hi|M×∆k× (−∞, i].
We claim that H = limi→∞Hi ◦ · · · ◦H1 is the desired homeomorphism. First

it must be seen that this limit exists. For j ≥ i, Hj ◦ · · · ◦H1|M ×∆k × (−∞, i] =
Hi ◦ · · · ◦H1|M ×∆k × (−∞, i]. Hence limj→∞(Hj ◦ · · · ◦H1)|M ×∆k × (−∞, i] =
Hi ◦ · · · ◦H1|M ×∆k × (−∞, i], and so limi→∞Hi ◦ · · · ◦H1 exists.

Next there several properties that must be verified. We have that im(H) =
M ×∆k × (−∞, 0), because if y = (y1, y2, y3) ∈M ×∆k × (−∞, 0), then for some
i, y3 ≤ −1

i+1 ; hence there is an x ∈ M ×∆k × (−∞, i] so that Hi(x) = y, (since Hi
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is a homeomorphism for each i). Since Hj ◦ · · · ◦H1 = Hi ◦ · · · ◦H1 for j ≥ i, we
have that y ∈ im(Hj ◦ · · · ◦H1). Hence y ∈ im(H).

These same properties are used to show that H is injective, in particular noting
that H|M ×∆k × (−∞, i] = Hi ◦ · · · ◦H1|M ×∆k × (−∞, i], and so Hi ◦ · · · ◦H1

is injective.
To see that H is a homeomorphism we note that H−1(M ×∆k × (−∞, −1

i ]) ⊂
H−1
i (M×∆k×(−∞, −1

i ]) ⊂M×∆k×(−∞, i], and soH|H−1(M×∆k×(−∞, −1
i ]) =

Hi ◦ · · · ◦ H1|H−1(M × ∆k × (−∞, −1
i ]) which is a homeomorphism. Now since

im(H) = M×∆k×(−∞, 0) and H is injective, we have that H is a homeomorphism.
From the construction of H, it is easy to see that H|M ×∆k × (−∞, i] = id, H

is fibre preserving over ∆k, and H|∂M ×∆k ×R = (id∂M×∆k)× θ.
We have only to verify the extension property for H. For i > 1,

HiHi−1|M ×∆k × [i− 1, i] = Hi ◦ · · · ◦H1|M ×∆k × [i− 1, i]

= H|M ×∆k × [i− 1, i] ⊂M ×∆k × (−∞, 0].

Hence

(p0 × id[i−1,i])H|M ×∆k × [i− 1, i] = QH|M ×∆k × [i− 1, i]

= QHiHi−1|M ×∆k × [i− 1, i]

which is (εi + εi−1)-close to

TiTi−1Q|M ×∆k × [i− 1, i] = (Ti ◦ · · · ◦ T1)Q|M ×∆k × [i− 1, i]

= (Ti ◦ · · · ◦ T1)(p1 × id[i−1,i])|M ×∆k × [i− 1, i].

Hence if we let i → ∞, (εi + εi−1) → 0, and so (p0 × id)H extends via p1 as
desired.

Now back to our original situation, where E and B are manifolds (in particular
without boundary), dim(E) ≥ 4, p : E → B is a manifold approximate fibration and
g is a k-simplex of C(B). We see that p× idI×∆k and g(p× idI×∆k) are manifold
approximate fibrations E×I×∆k → B×I×∆k, and that g(p× idI×∆k)|E×{0}×
∆k = p× idI×∆k .

Theorem 2.5. There is a homeomorphism h : M(g(p×idI×∆k))→M(p×idI×∆k)
such that h|E × I ×∆k ×{0} = id, h|B× I ×∆k = id, h|M(p× idI×∆k) = id, and
h commutes with projection on ∆k.

Proof. We first see that the manifold approximate fibrations p × idI×∆k and
g(p × idI×∆k) are concordant rel E × {0} × ∆k by a rotation as illustrated in
Figure 2.

From here the proof closely follows the proof of 2.4. The first difference is in the
homeomorphism H we wish to construct. It should satisfy a different property (3),
namely H|E × {0} ×∆k ×R = (idE×∆k)× θ.

Define θi, θ̃i, Θi, Ti, T̃i, etc., as before. The next major difference arises in
obtaining the approximate covering isotopies. In order to use 3.8, we should already
have some continuous family of isotopies defined on ∂(E× I)×∆k×R. Since there
are two boundary components here, we must define this family in two parts. On
E × {0} ×∆k ×R, the family will be f i0,s = (idE×∆k)×Θi

s for 0 ≤ s < 1, and on

E×{1}×∆k×R, use the ∂M = ∅ version of 3.8 to obtain some continuous family
f i1,s of isotopies (see also 6.1 of [10]). Then f is = f i0,s ∪ f i1,s is an appropriate family
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Figure 2

of isotopies on ∂(E × I) × ∆k × R to which we can apply 3.8. Do this for each

i = 1, 2, . . . , and obtain an isotopy H̃i whose 1-level, Hi, has the same properties
as those obtained in 3.8, except for a weakened (3), Hi|E × {0} × ∆k × R =
(idE×∆k) × θi. The resulting function H = limi→∞Hi ◦ · · · ◦ H1 is the desired
homeomorphism.

This theorem gives us the long awaited homeomorphism h : M(g(p× idI×∆k))→
M(p × idI×∆k), and so combined with the homeomorphism f : M(p × idI×∆k) →
M(g(p× idI×∆k)), we have the following theorem.

Theorem 2.6. Suppose that p : E → B is a manifold approximate fibration between
closed manifolds, where dim(E) ≥ 4; then for every k-simplex g of C(B) there is a
k-simplex g̃ of C(M(p)) so that g̃|B× I×∆k = g and g̃|E×{0}× I×∆k = id.

3. The controlled isotopy covering theorem

for manifolds with boundary

In this section we prove the following isotopy covering theorem. It is a gener-
alization of one presented in section 6 of [10]. Many of the approximate fibration
results, most notably 3.1, 3.2, and 3.8, that follow can be traced back to the non-
parameterized versions of Chapman [1].

Theorem 3.1 (The controlled isotopy theorem for manifolds with boundary). Let p :
M × ∆k → B × ∆k be a k-parameter family of manifold approximate fibrations
M → B, dim(M) ≥ 5, with p|∂M × ∆k → ∂B × ∆k being a k-parameter family
of manifold approximate fibrations ∂M → ∂B. Suppose that there is an isotopy
h : B ×∆k × I → B ×∆k × I which is fibre preserving over ∆k, and a continuous
family of isotopies gs : ∂M ×∆k × I → ∂M ×∆k × I, 0 ≤ s < 1, such that

(1) g = id,
(2) g is fibre preserving over ∆k for each s, and
(3) (p× idI)gs converges uniformly to h(p× idI)|∂M ×∆k × I as s→ 1−.
Then there is a continuous family of isotopies Hs : M ×∆k × I →M ×∆k × I,

0 ≤ s < 1, such that
(1) H0 = id,
(2) Hs is fibre preserving over ∆k for each s,
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(3) Hs|∂M ×∆k × I = gs for each s, and
(4) (p× idI)Hs converges uniformly to h(p× idI) as s→ 1−.

The techniques we use to prove this theorem are mainly an adaptation of the work
of Hughes, Taylor, and Williams [8] to the manifold with boundary case. To begin
we assume the following α-straightening theorem for manifolds with boundary. The
proof follows from the proof of the ∂M = ∅ case of [5].

Theorem 3.2. Let B be a manifold, U an open subset of B, dim(M) ≥ 5, and
k ≥ 0. For every open cover α of B there exists an open cover β of B such that if
M is any manifold with boundary ∂M , p : M ×∆k × [0, 1] → B ×∆k × [0, 1] is a
proper fibre preserving map over ×∆k × [0, 1] such that

(1) for each t in ∆k × [0, 1], pt : M → B and pt|∂M : ∂M → B are approximate
fibrations,

(2) ∂M ×∆k × [0, 1] ⊂ p−1(U ×∆k × [0, 1]), and
(3) G : p−1(U×∆k×[0, 1])→M×∆k×[0, 1] is a fibre preserving open embedding

so that G|p−1(U×∆k×{0}) = id and pG is β-close to p|p−1(U×∆k×{0})×id[0,1].

Then there exists a fibre preserving homeomorphism H : M × ∆k × [0, 1] → M ×
∆k × [0, 1], such that

(1) H|M ×∆k × {0} = id,
(2) pH is α-close to (p|M ×∆k × {0})× id[0,1],

(3) H = G in a neighborhood of ∂M ×∆k × [0, 1].

We need to introduce several theorems at this point which will be used to prove
an important lemma.

Theorem 3.3 (Hu [4, p. 112]). If Y is an ANR and α is an open cover of Y , then
there exists an open cover β of Y , which is an open refinement of α, such that
for any two β-near maps f, g : X → Y defined on a metrizable space X and any
β-homotopy jt : A → Y , 0 ≤ t ≤ 1, defined on a closed subspace A of X with
j0 = f |A and j1 = g|A, there exists an α-homotopy ht : X → Y, 0 ≤ t ≤ 1, such
that h0 = f , and h1 = g, and ht|A = jt for every t, 0 ≤ t ≤ 1.

Theorem 3.4 (Hughes-Taylor-Williams [8, p. 53]). Let B be a manifold, let m ≥
5, k ≥ 0, and let α be an open cover of B. There is an open cover β of B such that if
M is an m-manifold with boundary ∂M and f : M ×∆k → B×∆k is a proper map
which is fibre preserving over ∆k such that ft : M → B is a β-fibration for each t
in ∂∆k, and an approximate fibration over an open subset of B containing ft(∂M),
then there is a fibre preserving (over ∆k) approximate fibration F : M × ∆k →
B × ∆k such that F is α-close to ft for each t in ∆k and F = f on (M × ∂∆k)
∪(∂M ×∆k).

Lemma 3.5. Let M and B be manifolds with dim(M) ≥ 5. For any ε > 0 there
exists an open cover δ of B such that if f, g : M × ∆k → B × ∆k are δ-close
k-parameter families of approximate fibrations M → B, and if there exists a δ-
homotopy j : ∂M ×∆k → ∂B×∆k such that j0 = f |∂M×∆k and j1 = g|∂M×∆k

and js is a k-parameter family of approximate fibrations ∂M → ∂B for 0 ≤ s ≤ 1,
then there exists an ε-homotopy h : M ×∆k × [0, 1]→ B ×∆k × [0, 1] such that for
0 ≤ s ≤ 1, hs is a k-parameter family of approximate fibrations M → B, h0 = f ,
h1 = g, and hs|∂M ×∆k = j.

Proof. For k = 0, let β be an open cover as guaranteed by 3.4 corresponding to an
open cover of B by ε

2 -balls, and let δ be an open cover of B as guaranteed by 3.3
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which is a refinement of β. By 3.3 we get a β-homotopy h : M × ∆1 → B × ∆1

which is an approximate fibration on M × ∂∆1, a β-fibration on M ×∆1, and we
can extend j to a collar neighborhood of ∂M , so that h agrees with j on some
closed neighborhood of ∂M×∆1, and now 3.4 applies and we get a fibre preserving
approximate fibration H : M ×∆1 → B ×∆1.

Assume now that k ≥ 1 and that the theorem is true for k−1. In particular, this
means that we have approximate fibrations onM×∂∆k, along with the approximate
fibration we are given on ∂M×∆k. Now apply 3.3 and 3.4 as shown above to obtain
the result.

Theorem 3.6. Let M and B be manifolds with boundary, dim(M) ≥ 5, and let
p : M×∆k× [0, 1]→ B×∆k× [0, 1] be a proper fibre preserving map over ∆k× [0, 1]
such that pt : M → B and pt|∂M : ∂M → ∂B are approximate fibrations for each t
in ∆k × [0, 1]. Let U be a neighborhood of ∂B and let V be a neighborhood of ∂M
such that V × ∆k × [0, 1] ⊂ p−1(U × ∆k × [0, 1]). Suppose that there is an open
embedding G : V ×∆k × [0,∞)→M ×∆k × [0,∞) such that

(1) G|V ×∆k × {0} = id,
(2) G is fibre preserving over ∆k × [0,∞), and
(3) (p1| × id[0,∞))G : V × ∆k × [0,∞) → B × ∆k × [0,∞) extends to a map

V ×∆k × [0,∞]→ B ×∆k × [0,∞] via p0|, where pi = p|M ×∆k × {i}.
Then there is a homeomorphism H : M ×∆k × [0,∞)→M ×∆k × [0,∞) such

that
(1) H|M ×∆k × {0} = id.
(2) H is fibre preserving over ∆k × [0,∞),
(3) H|∂M ×∆k × [0,∞) = G|∂M ×∆k × [0,∞), and
(4) (p1 × id[0,∞))H : M × ∆k × [0,∞) → B × ∆k × [0,∞) extends to a map

M ×∆k × [0,∞]→ B ×∆k × [0,∞] via p0.

Proof. The technique used in this proof comes from Hughes [6]. Choose a sequence
{εi}∞i=0 of positive numbers converging to zero. For each i, let δi be an open cover of
B as found by the previous lemma. Furthermore assume that each member of δi has
diameter less than εi. For each i = 0, 1, 2, . . . we will construct a homeomorphism
hi : M ×∆k × [i, i+ 1]→M ×∆k × [i, i+ 1] such that

(1) hi is fibre preserving over ∆k × [i, i+ 1],
(2) h0|M ×∆k × {0} = id, and if i > 0, hi|M ×∆k × {i} = hi−1|M ×∆k × {i},
(3) (p1 × id[i,i+1])h

i is (εi + δi+1)-close to p0 × id[i,i+1] if i > 0,

(4) p1h
i|M ×∆k × {i+ 1} is δi+1-close to p0, and

(5) hi = G in a neighborhood of ∂M ×∆k × [i, i+ 1].
We then piece together these homeomorphisms in this obvious manner to define

the function H.
Define ai : M ×∆k × [0, 1]→M ×∆k × [i, i+ 1] by ai(m, s, t) = (m, s, t+ i); let

Gi = G|V ×∆k×{i} and let gi = a−1
i (Gi× id[i,i+1])(G|V ×∆k× [i, i+ 1])ai. Then

gi : V ×∆k× [0, 1]→M×∆k× [0, 1] is an open embedding which is fibre preserving
over ∆k×[0, 1], has gi|V×∆k×{0} = id, and pgi| : ∂M×∆k×[0, 1]→ ∂B×∆k×[0, 1]
is an εi-homotopy from p0| to p1g

i| through k-parameter families of approximate
fibrations. To achieve this we may need to reparametrize G in the [0,∞) factor.

The homeomorphism h0 : M×∆k× [0, 1]→M×∆k× [0, 1] follows directly from
3.2. Assume that i > 0 and hi−1 is already defined. Since p1h

i−1|M × ∆k × {i}
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is δi-close to po and since pgi−1| : ∂M × ∆k × [0, 1] → ∂B × ∆k × [0, 1] is an εi-
homotopy from p0| to p1g

i−1|, by 3.5 there is a fibre preserving map over ∆k× [0, 1],
f i : M×∆k× [0, 1]→ B×∆k× [0, 1] such that f i|M×∆k×{0} = p0, f

i|M×{1} =
p1h

i−1, f i|∂M × ∆k × [0, 1] = pgi−1|∂M × ∆k × [0, 1], f i is an εi-homotopy, and
f itM → B is an approximate fibration for each t in ∆k × [0, 1].

Now use 3.2 on f i to obtain a homeomorphism ki : M ×∆k× [0, 1]→M ×∆k×
[0, 1] such that ki is fibre preserving over ∆k × [0, 1], ki|M ×∆k ×{0} = id, f iki is
δi-close to (f i|M ×∆k×{0})× id[0,1] = p0× id[0,1], and f i = gi on a neighborhood

of ∂M ×∆k × [0, 1].
Finally, define hi : M×∆k×[i, i+1]→M×∆k×[i, i+1] by setting hit = hi−1

i kit−i
for each t in ∆k × [i, i+ 1].

Corollary 3.7. Let M,B, p, p0, and p1 be as above. Suppose further that there is
a homeomorphism G : ∂M ×∆k× [0, 1]× [0, 1)→ ∂B×∆k× [0, 1]× [0, 1) such that

(1) G = id on ∂M ×∆k × [0, 1]× {0} and ∂M ×∆k × {0} × [0, 1).
(2) G is fibre preserving on ∆k × [0, 1]× [0, 1), and
(3) G is a controlled homeomorphism from p|∂M×∆k× [0, 1] to p0×id[0,1]|∂M×

∆k × [0, 1].
Then there is a homeomorphism H : M ×∆k× [0, 1]× [0, 1)→M ×∆k× [0, 1]×

[0, 1) such that
(1) H = id on M ×∆k × [0, 1]× {0} and M ×∆k × {0} × [0, 1),
(2) H is fibre preserving on ∆k × [0, 1]× [0, 1),
(3) H|∂M ×∆k × [0, 1]× [0, 1) = G, and
(4) H is a controlled homeomorphism from p to p0 × id[0,1].

Proof. We obtain a map q : M × ∆k × [0, 1]2 → B × ∆k × [0, 1]2 by rotating the
map p through an angle of 90◦, as in the proof of 2.5. From this construction we
see that q is fibre preserving over ∆k × [0, 1]2, with each slice qt : M → B, t in
∆k × [0, 1]2, an approximate fibration such that

(1) q|M ×∆k × [0, 1]× {0} = p,
(2) q|M ×∆k × [0, 1]× {1} = p0 × id[0,1], and

(3) q|M ×∆k × {0} × [0, 1] = p0 × id[0,1].

Now we apply 3.6 to the map q. More precisely, let α : M × ∆k × [0, 1] →
M ×∆k × [0, 1] be defined as α(t1, t2, t3) = (t1, t3, t2), and let β : M ×∆k × [0, 1]×
[0, 1) → M × ∆k × [0, 1] × [0,∞) be defined as β(t1, t2, t3, t4) = (t1, t2, t3,

t4
1−t4 ).

Let P ∗ = αqα−1 : M × [0, 1]×∆k → B × [0, 1]×∆k and let G∗ = βGβ−1 : ∂M ×
[0, 1]×∆k × [0,∞) → ∂B × [0, 1]×∆k × [0,∞). It should be noted at this point
that the previous theorem would require that G∗ be defined on a neighborhood of
∂(M × [0, 1])×∆k × [0,∞). This can be accomplished easily enough. First define
G∗ on ∂(M × [0, 1])×∆k× [0,∞) by setting G∗ equal to the identity on M ×{0}×
∆k × [0,∞), and if we collar ∂M in M × {1}, we can define G∗ to be βGβ−1 on
this collar neighborhood and the identity on the complement of this neighborhood
of M × {1}. Now extend to a collar neighborhood of ∂(M × [0, 1])×∆k × [0, 1).

Applying 3.6, we get a homeomorphism H∗ : M × [0, 1] × ∆k × [0,∞) → M ×
[0, 1]×∆k × [0,∞) such that

(1) H∗|M × [0, 1]×∆k × {0} = id,
(2) H∗ is fibre preserving over ∆k × [0,∞) (actually over [0, 1]×∆k × [0,∞)),
(3) H∗|∂(M × [0, 1])×∆k × [0,∞) = G∗, and
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(4) (P ∗1 × id[0,∞))H
∗ : M × [0, 1]×∆k× [0,∞)→ B× [0, 1]×∆k× [0,∞) extends

to a map M × [0, 1]×∆k × [0,∞] → B × [0, 1]×∆k × [0,∞] via P ∗0 (i.e. H∗ is a
controlled homeomorphism from P ∗0 to P ∗1 ).

Finally, let H = β−1H∗β : M × ∆k × [0, 1] × [0, 1) → M × ∆k × [0, 1] × [0, 1),
then

(1) H|M ×∆k × [0, 1]× {0} = id,
(2) H is fibre preserving over ∆k × [0, 1]× [0, 1),
(3) H|∂M ×∆k × [0, 1]× [0, 1) = G, and
(4) H is a controlled homeomorphism from p to p0 × id[0,1].

In addition, since H∗ |= G∗, H|M ×∆k × {0} × [0, 1) = id.

We are now ready to prove the main theorem of this section.

Proof. Theorem 3.1. The proof is a straightforward application of 3.7. The isotopy
gs is the s-level of a homeomorphism g : ∂M×∆k×[0, 1]×[0, 1)→ ∂M×∆k×[0, 1]×
[0, 1) which is the identity on (∂M ×∆k × [0, 1]×{0})∪ (∂M ×∆k × {0}× [0, 1)),
and which is fibre preserving over ∆k× [0, 1]× [0, 1). This function g is a controlled
homeomorphism from h(p × id[0,1]|∂M × ∆k × [0, 1]) to p × id[0,1]. Hence we get

a continuous family of homeomorphisms Hs : M ×∆k × [0, 1] → M ×∆k × [0, 1],
0 ≤ s < 1, such that

(1) H0 = id,
(2) Hs is an isotopy for each s,
(3) Hs is fibre preserving over ∆k for each s,
(4) Hs|∂M ×∆k × [0, 1] = Gs for each s, and
(5) (p× id[0,1])H converges uniformly to h(p× id[0,1]) as s→ 1−.

Here is the corollary that is used in the previous section.

Corollary 3.8. Let p : M × ∆k × R → B × ∆k × R be a k-parameter family of
manifold approximate fibrations M ×R→ B×R, dim(M) ≥ 5 such that p| : ∂M ×
∆k×R→ ∂Bd×∆k×R is a k-parameter family of manifold approximate fibrations
∂M × R → ∂B × R. Suppose that there is an isotopy h : B × ∆k × R × I →
B×∆k ×R× I which is fibre preserving over ∆k, and is supported over [a, b] ⊂ R
(meaning that h = id outside of the set B×∆k × [a, b]× I). For any interval (c, d)
with p−1(B × ∆k × [a, b]) ⊂ M × ∆k × (c, d) and continuous family of isotopies
gs : ∂M ×∆k ×R× I → ∂M ×∆k ×R× I, 0 ≤ s < 1, such that

(1) g0 = id,
(2) gs is fibre preserving over ∆k for all s,
(3) gs is supported over [c, d] for all s, and
(4) (p×idI)gs converges uniformly to h((p|∂M×∆k×R)×idI) as s→ 1−, there

exists a continuous family of isotopies Hs : M ×∆k ×R× I → M ×∆k ×R× I,
0 ≤ s < 1, such that

(1) H0 = id,
(2) Hs is fibre preserving over ∆k for all s,
(3) Hs|∂M ×∆k ×R× I = gs for all s,
(4) Hs is supported over [c, d], and
(5) (p× idI)Hs converges uniformly to h(p× idI) as s→ 1−.

Proof. The restriction p| : M×∆k× [c, d]→ B×∆k×R is a manifold approximate
fibration where M ×∆k × [c, d] is a manifold with boundary ∂(M ×∆k × [c, d]) =
(∂M ×∆k × [c, d])∪ (M ×∆k × ∂[c, d]). We define a continuous family of isotopies
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on this boundary by gs = gs∪idM×∆k×∂[c,d]×I which satisfies the hypotheses of 3.1.

Consequently, we get a continuous family of isotopiesHs : M×∆k×I →M×∆k×I,
0 ≤ s < 1, such that

(1) H0 = id,
(2) Hs is fibre preserving over ∆k for each s,
(3) Hs|∂(M ×∆k × [c, d]) = gs, and
(4) (p| × id[0,1])Hs converges uniformly to h(p| × id[0,1]) as s→ 1−.

Now define Hs by Hs = Hs on M ×∆k × [c, d] × I and Hs = id on the rest of
M ×∆k ×R× I.
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